This paper presents results of an exhaustive computer search for the maximum spectral value in full period two-term kth-order multiple recursive generators (MRGs) with efficient multipliers. For orders k = 2, 3, . . . , 7, we provide a table of kth-order MRGs with largest spectral values. These MRGs not only have the best spectral values found so far but also can be implemented efficiently by applying the approximate factoring method.
Introduction
We are concerned with an issue in random number (RN) generation known as a multiple recursive generator (MRG) [4, 7, 9] .A kth-order MRG generates RNs by taking linear combination of k predecessors, defined as X n ≡ a 1 X n−1 + a 2 X n−2 + · · · + a k X n−k (mod m) for n > k,
where m is the modulus usually chosen to be the largest prime number less than the computer's word size, a k = 0, a j = 0 for at least one j, 1 j < k, and X 1 , X 2 , . . . , X k are starting values which are not all zero.
The prerequisites for an ideal RN generator in each field of research are quite different. The opinion of Sugita [11] is that the security of an RN generator should be the most important ingredient not only for cryptography but also for Monte Carlo methods. The major difficulty with using a secure RN generator is to derive some quantitative estimate of its security. In the literature, Sugita [11] makes the first successful attempt to prove exponential decay of all multi-term correlations of the bits produced by a specific RN generator [10] . Although, as stated by Sugita [11] , the results are limited ones, it provides a theoretical approach to analyzing the behavior of an RN generator. From a practitioner's perspective, long period, randomness in terms of the lattice structure, and efficiency in terms of computation time are three key issues for devising an ideal MRG advocated by Fishman [4] , Knuth [7] , and Niederreiter [9] . Since an MRG (1) is instantly rejected by a very simple test with the following null hypothesis:
it cannot be secure. This means that an MRG and a secure RN generator are poles apart. In this paper, we focus on adopting an empirical analysis to design an MRG which should meet the long period, randomness, and efficiency criteria to some extent. To be more specific, we find a set of multipliers (a 1 , a 2 , . . . , a k ) in full period MRGs with the objective of maximizing the spectral value.
Because the number of possible sets of multipliers is extremely large, searching for a good set of multipliers is among the combinatorial optimization problems. To alleviate the computational burden, an approach has been applied in an attempt to restrict the number of nonzero multipliers to improve the computational efficiency. L'Ecuyer et al. [8] observed that as the number of nonzero multipliers increases, the computational burden increases as well. An interesting special case is a two-term MRG, defined as
where 1 j < k. This two-term MRG is a more computational efficient generator among all variants of the kth-order MRGs. However, there is a tradeoff between the running time and the lattice structure [6, 13] . Another approach to overcome the computational burden is to generate each term a j X n−j in an efficient manner. A variety of approaches have been proposed in the literature. Among them, the approximate factoring (AF) method has been considered by many scholars as the most efficient and easiest way for generating RNs. Define q = m/a j and r ≡ m (mod a j ), namely, m = a j q + r, 0 < r < a j . Tang [12] showed that the most effective and efficient restriction on multiplier for AF method in applications is r q.
Taking into consideration the above pieces of information, in this paper the two-term kth-order MRGs with efficient multipliers are studied. Here a multiplier is said to be efficient if a multiplier satisfies AF condition (3). As an illustration, an exhaustive search is employed to find full period two-term secondorder, third-order, fourth-order, fifth-order, sixth-order, and seventh-order MRGs with modulus m=2 31 −1 and with maximum spectral test figure of merit. Alternatively, several methods have been suggested to generate a near-optimal spectral value at relatively minor computational expense. Currently available methods are forward/backward method proposed by Kao and Tang [5] , random search proposed by L'Ecuyer et al. [8] , and genetic algorithm proposed by Tang and Kao [14] in the literature. However, the criterion used to evaluate set of multipliers of the random search method is the worst-case Beyer quotient, not spectral value. For fair comparison, this paper compares the performance of the exhaustive search method with those of the forward/backward method and genetic algorithm.
